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Abstract— We present a new experimental method for the
generation and real-time implementation of high-speed aero-
batic maneuvers, including multiple flips, on a 19-gram au-
tonomous quadrotor. A key element in the proposed approach is
the design and experimental tuning of a gain scheduling control
strategy in which two linear time-invariant (LTI) controllers
are alternatingly activated and deactivated to switch between
a normal flight mode and an aerobatic mode, enabling the
flyer to perform consecutive multiple flips in a robustly stable
manner. The implementation of the controllers is done using
on-board power, sensors and computing capabilities, so that
the quadrotor remains fully autonomous during flight. Notably,
the attainment of autonomy, using real-time control, is made
possible by the development of a new method for speed planning
based on cubic functions, the geometric generalization of the
notion of multi-flip and the empirical identification of the flyer’s
dynamics, required for trajectory generation and controller
synthesis. Compelling experimental results demonstrate the
suitability of the proposed approach. In particular, we present
maneuvers that include consecutive single, double, and triple
flips about the flyer’s roll principal axis and a non-principal
axis. To the best of our knowledge, to this date, the flyer
used in this research is the smallest controlled quadrotor to
have autonomously accomplished three consecutive flips while
remaining stable.

I. INTRODUCTION

A significant amount of research on micro unmanned
aerial vehicles (MUAVs) has been published during the last
few years. In particular, multi-rotors have been used to create
a wide variety of research platforms, with notable success in
highly structured flying arenas instrumented with motion-
capture systems such as Vicon [1]. Relevant improvements
in the design and fabrication of powerful microprocessors,
MEMS sensors, ultralight electric motors and micro Li-Po
batteries have made possible the development of small-sized
rotor-based aircraft, such as helicopters and quadrotors, moti-
vating innovative research in a gamut of technological areas.
For example, a study on the aerodynamics of a quadrotor
flown by the automatic action of a proportional-integral-
derivative (PID) controller is presented in [2], the application
of adaptive control to the flight of quadrotors subjected to
failure produced by the loss of thrust is discussed in [3],
machine learning algorithms for the generation and control
of high-speed maneuvers on a helicopter are described in [4],
the use of iterative learning control for the implementation
of aerobatic maneuvers on quadrotors is presented in [5]
and [6]. Similarly, quadrotors and their dynamics have been
employed extensively to test flight control methods for the
real-time implementation of single-flip maneuvers [7], [8],
[9], [10].

The main objective of the research discussed in this paper
is the development of new experimental methods for the
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generation and real-time implementation of high-speed ma-
neuvers, required for the creation of high-level control prim-
itives [11] that will enable the creation of fully autonomous
robotic flyers capable of operating and surviving in highly
unstructured environments. Specifically, we propose a gain-
scheduling-based control strategy [12] for the implementa-
tion of high-speed multi-flip aerobatic maneuvers on a 19-
gram quadrotor (including its battery) with a propeller-tip-to-
propeller-tip (PTPT) distance of 13 cm and a thrust-to-weight
ratio of 1.7. Multi-flip maneuvers require rapid acceleration
and deceleration of the flyer’s angular velocity, and rapid
robust stabilization to avoid vehicle stall, while operating
in the presence of aerodynamic disturbances and motor
latency. We show that the control of multi-flip maneuvers
is essentially a rapid version of the attitude control of a
rigid body. Based on this notion, we introduce a specialized
angular-speed planning method that, combined with the
proposed gain-scheduling control strategy, make possible the
robustly stable control of the experimental quadrotor, while
maneuvering at high speeds. Notice that not only is this flyer
smaller and lighter, it also has a lower thrust-to-weight ratio,
a larger motor time constant, and significantly less computing
power than typical quadrotors used in high-speed aerobatic
research, as for example those in [5] and [6]. Furthermore,
in this research we are only using the quadrotor’s own
on-board sensing capabilities as opposed to using motion-
capture systems such as Vicon [5], [6], [13], [14], [15] in
highly-structured arenas or employing heavily-instrumented
flyers in outdoor arenas [16], [17]. All that mentioned above
makes the process of synthesizing controllers for the case
considered here very experimentally challenging.

In general, compared to normal-sized quadrotors (with
PTPT distances of 35 cm to 70 cm, weighing 0.25 Kg to
2 Kg), a small quadrotor can be more easily affected by
external aerodynamic disturbances because of its relatively
smaller mass and moment of inertia. Additionally, in the
case considered here, limited by the flyer’s overall small
size and low thrust-to-weight ratio, essential components of
the quadrotor, such as motors, sensors and power source,
are stringently constrained in size, weight and performance.
In [15], a quadrotor with a similar size was demonstrated
to accomplish double flips. However, those results were
obtained with the implementation of more powerful motors,
a multi-camera motion-capture system (Vicon), employed as
an external sensor to measure position and velocity, and
an external station for high-level planning and control. In
contrast, in the research presented in this paper, all the
sensors used in control loops are carried by the flyer and
all the algorithms for signal processing and control are run
on-board. To the best of our knowledge, the flyer used in this
research is the smallest controlled quadrotor to have accom-
plished three consecutive triple flips, flying autonomously
from the power and control perspectives, while remaining
stable.

The maximum flipping speed employed in this research
is 2.5 · 103 deg · s−1 and the proposed control method is
empirically tested and demonstrated robust, from the stability
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Fig. 1: Frames of reference. N = {O0,n1,n2,n3} is the inertial frame,
B = {OB, b1, b2, b3} is the body frame, r indicates the position of the
flyer’s center of mass from the inertial origin O0 and {Ω1,Ω2,Ω3,Ω4}
are the angular speeds of the rotors.

and performance standpoint, for a single flip, double flips,
and triple flips. We believe that this is a significant step
toward the goal of creating entirely autonomous flying nano
quadrotors (weighing less than 30 g) because the controller
proposed here can operate using on-board sensors, actua-
tors and computational capabilities only. This technological
achievement is made possible by the development of new
methods for angular speed planning and controller synthesis,
and the geometric generalization of multi-flipping angle and
multi-flip maneuver. Such generalization enables the flyer
to perform multi-flips about its principal axes as well as
any non-principal axis passing through the flyer’s center of
mass, provided that the right controller structure and gains
are programmed into the on-board micro controller. As an
example, here, we present maneuvers that include a single
flip, double flips and triple flips about the axis that deviates
45◦ from the principal axis b1 on the b1-b2-plane.

The rest of paper is organized as follows. Section II models
the dynamics of the flying system and explains the compos-
ing phases of a multi-flip maneuver, Section III describes
the micro unmanned aerial vehicle and experimental setup,
the control strategy is introduced in Section IV, experimental
results are presented and discussed in Section V. Lastly, some
conclusions are drawn in Section VI.

II. MODEL OF THE SYSTEM DYNAMICS

In this section, we discuss the two dynamical models used
to synthesize controllers for the quadrotor, which operates in
two distinctive modes, multi-flip aerobatic flight and regular
flight. The first model is a complex nonlinear dynamical
description of the flyer. The second model assumes small
attitude angles and slow angular velocities to linearize the
nonlinear dynamics of the first model. Both models are used
in the implementation of multi-flip aerobatic trajectories,
defined as flying processes which start at a stable hover,
transition to a multi-flip aerobatic maneuver, and return to a
stable hover.

A. Quadrotor Dynamics
The quadrotor employed in this research is shown in

Fig. 1. To determine the dynamics of this MUAV, we define
the inertial frame N = {O0,n1,n2,n3} and the body-fixed
frame B = {OB, b1, b2, b3}, which has its origin and axes
coinciding with the center of mass and principal axes of
the MUAV, respectively. The frames N and B are related to
each other through the Euler angles {ψ, θ, φ} in the Z-Y -
X convention with the origin of B, OB, at position r from
the inertial origin O0. Thrust is generated by four rotating
propellers with angular speeds {Ω1,Ω2,Ω3,Ω4}. Using this

convention, it follows that the nonlinear dynamics of the flyer
are given by

mr̈ = −mgn3 + fb3, (1)
Jω̇ = −ω × Jω + τ , (2)

Ṡ = Sω̂, (3)

where m is the total mass of the flyer, J is the diagonal
matrix of inertia of the robot with respect to the axes of
B, g is the acceleration of gravity constant, f =

∑4
i=1 fi

is the magnitude of the total thrust force produced by the
four propellers, ω is the quadrotor’s angular velocity with
respect to N with its components expressed in B, τ is the
total torque applied by the rotors to the vehicle and S is the
active rotation matrix associated with the flyer’s movement in
space, as defined in Page 32 of [18]. In (3), the hat operator
maps the vector ω = [ ω1 ω2 ω3 ]

T to a skew-symmetric
matrix, as defined in Page 411 of [18].

In the model described by (1)-(3), we ignore the aerody-
namic effects produced by the flyer’s translational motion
and combined gyroscopic effects caused by the rotations
of the rotors and the vehicle’s body. The direction of the
thrust force is assumed to be perpendicular to the b1-b2
plane, along the b3 axis, by ignoring the blade-flapping
effect. The nonlinear dynamical model in (1)-(3) is mainly
employed in the development of the controller used during
the performance of multi-flip aerobatic maneuvers.

The second dynamical model discussed in this section is
a linearized version of the nonlinear dynamics in (1)-(3),
valid for small body-attitude angles and slow body angular
velocities, which are reasonable assumptions of regular flight
mode. Since the body angular velocities are assumed to
be slow and Euler angles small, it follows that (1)-(3) can
be approximated by computing the derivatives of the Euler
angles with respect to time, yielding

mẍ = f cosψ sin θ, (4)
mÿ = −f cosψ sinφ, (5)
mz̈ = f −mg, (6)

J11φ̈ = τ1, (7)

J22θ̈ = τ2, (8)

J33ψ̈ = τ3, (9)

where {J11, J22, J33} are the diagonal entries of the inertia
diagonal matrix J , {τ1, τ2, τ3} are the components of τ
expressed in B and {x, y, z} are the components of r with
respect to N . Notice that this model is considered linear
because (7)-(9) can be solved independently of (4)-(6) and
independently of each other, and therefore, φ, θ and ψ can
be considered inputs to (4)-(6). As mentioned above, this
linearized model is used to design the controller employed
by the quadrotor when it operates at the regular flight mode.
To construct the control inputs, the magnitudes of the thrust
force and reaction moment generated by the ith rotor are
approximated as

fi = kfΩ2
i , (10)

µi = kµΩ2
i , (11)

with i = 1, · · · , 4, where kf and kµ are experimentally
determined coefficients of thrust-force and reaction-torque,
respectively. Thus, from physical first principles and simple
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TABLE I: Experimentally Measured and Identified Parameters of the Flyer’s
Dynamical Models.

m 19 g

J11 1.0968× 10−5 kg · m2

J22 1.0195× 10−5 kg · m2

J33 1.3905× 10−5 kg · m2

d 42.68 mm

kµ 7.1834× 10−11 kg · m2 · rad−2

kf 1.7518× 10−8 kg · m · rad−2

algebraic manipulations, we obtain that f
τ1
τ2
τ3

=

 kf kf kf kf
0 −kfd 0 kfd

−kfd 0 kfd 0
−kµ kµ −kµ kµ


 Ω2

1
Ω2

2
Ω2

3
Ω2

4

 , (12)

where d is the shortest distance from a rotor center of rotation
to the robot’s center of mass. All the parameters required to
complete the nonlinear model in (1)-(3) and the linearized
model in (4)-(9) were experimentally measured or identified
through static and dynamic experiments. The list of estimated
parameters is summarized in Table I.

From (10)-(12), it clearly follows that the rotor speeds
Ωi, for i = 1, · · · , 4, determine the inputs to both the
nonlinear model given by (1)-(3) and linearized system
described by (4)-(9). Consequently, it is crucial to understand
the dynamics associated with the rotor speeds Ωi. In a first
approximation, we assume that the angular speed, Ω, of a
generic rotor of the kind considered here can be modeled as
the output from a first-order system with the form

Ω̇ = kΩ (Ωd − Ω) , (13)

where the rotor speed Ω(t) is the output, the target speed
Ωd(t) is the input and kΩ is a parameter of the system. In
principle, the parameter kΩ should be empirically identifiable
through simple experiments. We perform experiments in
which the robot remains stationary while the rotors are
excited with a set of Heaviside step functions with different
amplitudes. The results from this experiment are shown in
Fig. 2, indicating that the value of the parameter kΩ increases
as the amplitude of the target speed Ωd(t) is increased. Thus,
we can conclude that the structure in (13) cannot capture the
true dynamics of the rotor. Also, in the step responses of
Fig. 2, it can be seen that the settling time is in the range
[0.4, 1.0] s, which is a stringent constraint on the high-speed
capabilities of the flyer. This point becomes clear by noticing
that, as shown latter in Section V, a multi-flip aerobatic
maneuver can take as much as 1.0 s. Thus, the relatively
slow actuator response represents a major limitation in the
real-time implementation of high-speed maneuvers.

B. The Process of a Multi-Flip Maneuver
As shown in Fig. 3, a multi-flip maneuver is a process

that can be divided into three phases, climb, multi-flip, and
descent and re-stabilization. When the robot is rotating in
the air it starts to fall because the thrust forces generated by
the rotors are not aligned vertically and the flyer’s weight is
not compensated. The climb phase is necessary because it
can provide extra distance to avoid collisions with ground
and an upward speed to reduce the falling distance. The
multi-flip phase starts when the control references for the
robot’s angular velocity and acceleration are varied so that
it is forced to rotate about a chosen body axis. The multi-
flip phase ends when the flipping angle reaches an a priori
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Fig. 2: Step response of the rotor speed for seven different step inputs.
The rotor speed is measured using a high-speed camera at 3, 000 fps. The
variable kΩ is the parameter of the first-order model of the rotor dynamics
in (13).

Climb Phase

Multi-Flip Phase 

Initial Hovering Position

Flip Starts Flip Ends

                Descent and 
Re-Stabilization Phase

Fig. 3: The whole process of a multi-flip maneuver is composed of three
phases, the climb phase, multi-flip phase, and descent and re-stabilization
phase. At the beginning, the quadrotor is hovering at a certain altitude
and then is triggered to start the multi-flip maneuver. All three phases are
autonomously controlled through only on-board sensors and controller.

defined target angle, typically 2nπ, where n is referred to as
the number of flips. In most cases, the angular velocity of
the quadrotor is not zero at the end of the multi-flip phase,
and for this reason, the descent and re-stabilization phase is
primarily used to re-stabilize the robot’s attitude and stop
its rapid fall. Clearly, height and time impose very stringent
constraints on the flyer capabilities, which is especially true
for the robot employed here (the Crazyflie shown in Fig. 1)
because it has a very low thrust-to-weight ratio of 1.7.

III. EXPERIMENTAL SETUP

A. The Flying Vehicle
For the experiments discussed in this paper we use a

Crazyflie 1.0 nano-quadrotor manufactured by Bitcraze AB
[19] (shown in Fig. 1), which has a PTPT distance of
13 cm, weighs 19 g (including the battery) and a flight
endurance of approximately 7 min, achieved with a 170 mAh
Li-Po battery. This robot carries several on-board sensors
used in the implementation of controllers, including a 3-axis
accelerometer, a 3-axis gyroscope and a MEMS barometer.
The MEMS barometer measures the altitude of the robot
while the accelerometer and gyroscope are used to estimate
the robot’s attitude and generate the angular velocity signal
used as feedback. The measurement range of the gyroscope
is ±2 · 103 deg · s−1, an important parameter considered in
the discussion about controller design in Section IV.
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Fig. 4: Architecture of the experimental setup. The ground computer and
joystick are mainly used to send references of attitude and altitude to the
quadrotor and compensate drift during regular flight. The ground computer
is also receives the real-time quadrotor data for off-line analysis.

The flyer also carries on-board computational and com-
munications capabilities, essential for the implementation
of real-time controllers. The communications chip has a
nominal transmission bandwidth of 2 Mbit·s−1 and the micro
controller unit (MCU) runs at 72 MHz, employing 128 KB
of flash memory and 20 KB of RAM. The flying system
is actuated with micro coreless DC electrical motors, gener-
ating a thrust-to-weight ratio (TWR) of approximately 1.7.
The TWR is relatively small and consistent with the large
settling times shown in Fig. 2, discussed in Section II-A.
Notice that the limited actuation capabilities available make
the proposed control problem challenging and interesting, as
it takes a relatively long time for the robot to generate the
thrust forces required to stabilize itself after completing a
multi-flip aerobatic maneuver.

B. Experimental Control and Communications Architecture
The basic control and communications architecture of

the experimental setup, consisting of a joystick, a ground
computer and the quadrotor, is shown Fig. 4. The ground
computer and joystick are used to send reference signals for
the altitude and body-attitude angles (roll-angle, pitch-angle
and yaw-angle) of the quadrotor during regular flight mode.
Simultaneously, algorithms that control the robot’s altitude
and attitude run using the information sensed by the on-
board barometer, accelerometer and gyroscope. The sensor
data from the accelerometer and gyroscope are filtered using
an attitude estimator [20] before being sent as input to the
controller. The raw data from the gyroscope is also sent to
the controller as an input for error calculation. Employing
the scheme in Fig. 4, the measured flight variables, such
as the Euler angles and flipping angular velocity can be
communicated from the flyer to the ground computer in real
time for monitoring purposes. During regular autonomous
hovering, the quadrotor uses the altitude information from
the barometer and the estimated attitude for feedback in the
on-board control loops. Using the joystick, the motions on
the n1-n2 plane, i.e, (x, y), are manually controlled from the
ground by varying the roll-angle and pitch-angle references.
From this flight mode a multi-flip aerobatic maneuver is
triggered by a command sent from the ground computer. Dur-
ing the aerobatic maneuver, the robot operates completely
autonomously, relying entirely on on-board sensing, signal
processing and control, and no reference commands are sent
from the ground to the flyer until the three phases of the
multi-flip maneuver are completed. The control strategy and
the controller synthesis method are discussed in Section IV
below.

IV. MULTI-FLIP PLANNING AND CONTROLLER DESIGN

A. Generalized Multi-Flip and Generalized Flipping Angle
Normally, the notion of multi-flip maneuver refers to a

2nπ angle rotation about the b1 (roll) or b2 (pitch) principal

axis of the flyer, where the integer n indicates the number
of consecutive flips [5], [6], [15]. Here, we generalize the
concept of multi-flip maneuver to any body-fixed axis pass-
ing through the flyer’s center of mass. A generalized flipping
angle is defined as the angle with its vertex in the flipping
axis, measured in the plane perpendicular to the flipping axis,
generated between the horizontal plane of the inertial frame
(n1-n2-plane) and the line created by the intersection of
the b1-b2-plane with the plane perpendicular to the flipping
axis (intersection line for short). The direction of the flipping
axis with respect to the inertial frame determines the sign
of the generalized flipping angle following the right-hand
principle. This definition is very similar to the definition of
the roll-angle in the Euler Z-Y -X convention. In fact, the
generalized flipping angle is equal to the new Euler roll-
angle after rotating the axis b1 to match the flipping axis and
the axis b2 to match the line created by the intersection of
the b1-b2-plane with the plane perpendicular to the flipping
axis. The multi-flip axis is described by the unit vector
af = [ a1 a2 a3 ]

T , fixed to the robot’s body and written
with respect to B, so that a2

1 +a2
2 +a2

3 = 1. The new attitude
quaternion [21], obtained after the axes b1 and b2 are re-
aligned along the generalized flipping axis and intersection
line, respectively, can be computed as

q′ = q ∗ u = [ q′0 q′1 q′2 q′3 ] , (14)

where ∗ denotes the quaternion product [21], the quaternion q
expresses the current attitude of the robot and the quaternion
u expresses the rotation of b1 and b2 required to coincide
with the generalized flipping axis and the intersection line,
respectively. Notice that the components of u directly depend
on the components of af, but for the sake of brevity here we
omit the explicit expression that relates them to each other.
Using quaternion notation, the generalized flipping angle is
given by

φg = arctan
2(q′0q

′
1 + q′2q

′
3)

q′20 − q′21 − q′22 + q′23
. (15)

Notice that this quaternion expression of φg is very conve-
nient for programming the on-board control algorithms.

It is important to note that since the MEMS gyroscope
possesses limited sensing capabilities (±2 · 103 deg · s−1)
and is mounted right on top of the principal axes, when
the generalized flipping axis is not aligned with a principal
axis, the generalized flipping speed can exceed the sensor
limits. For instance, if the generalized flipping axis is chosen
to be af = [ 1/

√
2 1/

√
2 0 ]

T , the maximum generalized
flipping speed is 2

√
2 · 103 deg · s−1. This is a stringent

limitation, since the maximum number of flips that the robot
can achieve in a given amount of time directly depends on
the maximum achievable flipping speed.

B. Flipping Speed Planning
The implementation of multi-flip maneuvers is an in-

teresting way to test the quadrotor flight capabilities and
the suitability of the proposed real-time control schemes.
Flipping demonstrates the practical controllability of the
robot’s attitude, since a complex rigid-body attitude reference
has to be followed in an extremely short time while avoiding
collisions and preventing stall. To prevent stall, it is better
to control the flipping angular speed rather than the flipping
angle [6]. Since a single-flip maneuver takes up to 0.5 s, and
a triple-flip maneuver takes up to 1.0 s, it is necessary to take
into account the rotors’ dynamical behavior and carefully
plan the flipping speed to make it compatible with the
actuators’ performances. Notice that the reference flipping
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Fig. 5: Generalized flipping speed reference, ωd(t). This signal is composed
of three sections, corresponding to the three stages of the multi-flip phase
in Fig. 3. The symbols Φg,1, Φg,2 and Φg,3 denote the amount of rotation
accumulated during each of the three stages, corresponding to the area under
the function ωd(t) aggregated during each stage. The total area under the
function ωd(t) is

∑3
i=1 Φg,i = 2nπ, where n is the number of flips. The

maximum allowed flipping speed is denoted by ωmax.

speed combined with the direction of the flipping axis define
a reference velocity. The reference speed trajectory used in
the experiments discussed here is generated to satisfy the
actuators’ specifications and sensors’ limitations, and for this
reason, it is smooth and its maximum value is constrained
by the constant ωmax. The resulting flipping speed reference
signal is composed of three parts, a rising-speed section,
a constant-speed section and a decreasing-speed section, as
shown in Fig. 5. The reason for including the second section
is the limited capability of the MEMS gyroscope to measure
angular velocities.

In Fig. 5, the first and third sections of the flipping
velocity reference are generated using cubic functions to
guarantee that the angular acceleration remains continuous
during the entire flip maneuver. In contrast, in other pub-
lished experimental cases [6], the flipping speed references
are composed of linear functions, which induce acceleration
discontinuities during the occurrence of flip maneuvers. The
gradual increase and decrease of the flipping speed reference
in Fig. 5 satisfy the specifications and limitations of the
rotors. Consistently, the first section of the flipping speed
reference is constructed as

ωd,1(t) =
β1

3
(t− γ1)

3 − β1γ
2
1t+

β1γ
3
1

3
, (16)

with γ1 = ω−1
maxΦg,1, β1 = −3/4 · γ−3

1 ωmax and ω̇max,1 =
3/4 · Φ−1

g,1ω
2
max, where Φg,1 is the desired amount of rotation

generated during Stage 1 (first section of ωd(t)) and ω̇max,1
is the maximum flipping angular acceleration in the first
section of ωd, which must remain smaller than the maximum
angular acceleration about the generalized flipping axis that
the sensing system can measure. The time-duration of the
first section of ωd, ωd,1, is δ1 = 2γ1, which is completed
when both Φg,1 and ωmax are reached. To continue with the
construction of ωd, we define the second section as

ωd,2(t) = ωmax, (17)

with the associated time-duration δ2 = ω−1
maxΦg,2, where Φg,2

is the desired amount of rotation generated during Stage 2
(second section of ωd(t)), as illustrated in Fig. 5. To complete
the construction of ωd(t), we define the third section as

ωd,3(t) =
β3

3
(γ3 + δ′2 − t)

3 − β3γ
2
3 (2γ3 + δ′2 − t) +

β3γ
3
3

3
,

(18)

with γ3 = ω−1
maxΦg,3, β3 = −3/4γ−3

3 ωmax and ω̇max,3 =
3/4Φ−1

g,3ω
2
max, where Φg,3 is the desired amount of rotation

generated during Stage 3 (third section of ωd(t)) and ω̇max,3
is the maximum flipping angular acceleration in the third
section of ωd(t), which must remain smaller than the maxi-
mum angular acceleration about the generalized flipping axis
that the sensor can measure, and δ′2 is the actual end time
of Stage 2 in Fig. 5. Similarly to the case in Stage 1, the
time-duration of Stage 3 is δ3 = 2γ3, completed when Φg,3
is reached.

The trajectory planning method introduced in this section,
illustrated in Fig. 5, corresponds to the multi-flip phase dis-
cussed in Section II-B. Thus, once the multi-flip maneuver is
completed, the control reference for the generalized flipping
speed is set back to zero. In the construction of ωd(t),
the parameters needed to be specified a priori are Φg,1,
Φg,2, Φg,3 and ωmax. There are two things to consider when
specifying the above four parameters. The first one is that the
angular accelerations during the first and third stages must
not exceed the nominal maximum angular acceleration, and
normally, ω̇max,3 should be smaller than ω̇max,1. The second
consideration is that the nominal amount of time needed to
complete a multi-flip maneuver should be minimized while
satisfying the constraints already discussed above.

C. Altitude Change Analysis
Having discussed the trajectory planning for the gener-

alized flipping speed, now we analyze and estimate the
required climbing and descending distances to successfully
complete a multi-flip maneuver. We assume that the actual
time-duration of a multi-flip maneuver is equal to the nomi-
nal value and that the vertical acceleration during flipping is
equal to the gravitational acceleration. The amount of time
spent in each of the three phases in Fig. 3 are denoted
by ∆t1, ∆t2 and ∆t3, respectively. In this scheme, ∆t1
is specified a priori and determines the climbing distance,
which can be estimated as

dclimb =
1

2
g (∆t1)

2 (
η2 − η

)
, (19)

where η is the nominal maximum thrust-to-weight ratio. The
time duration of the second phase depends on the shape of
ωd(t) and is given by

∆t2 =
2Φg,1 + Φg,2 + 2Φg,3

ωmax
=

4nπ − Φg,2

ωmax
, (20)

where n indicates the number of flips to be performed by
the quadrotor. Assuming that the quadrotor reaches the peak
altitude before the second phase ends, it follows that

∆t3 =
∆t2 − (η − 1)∆t1

η − 1
, (21)

which determines the descent time, estimated as

ddescent =
1

2
g (∆t3)

2
(η2 − η). (22)

Notice that (19)-(22) indicate that for large values of
ωmax and η, the total amount of time required to perform
a multi-flip maneuver is small, and conversely, for small
values of ωmax and η, the total amount of time required to
perform a multi-flip maneuver is large. Recalling that ωmax is
constrained by the maximum value that the on-board sensors
can measure and that η is constrained by the thrust forces
that the rotors can generate, it follows that the aerobatic
capabilities of a quadrotor are enabled, and limited, by its
sensors and actuators.
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D. Controller Design for Multi-Flip Aerobatic Maneuvers
The proposed control scheme is shown in Fig. 6. This

scheme is composed of two controllers, one for regular
flight, shown in Fig. 6-(a), and other for multi-flip aerobatic
flight, shown in Fig. 6-(b). The controller in Fig. 6-(a) is
designed using the linearized dynamics of the quadrotor
described by (4)-(9) and employs simple SISO1 PID loops
to separately control the Euler angles and the altitude of
the robot. In regular flight mode, the translational motion
of the quadrotor on the b1-b2-plane can be controlled by
varying the pitch- and roll-angles, provided that the yaw-
angle is set to zero. The b3 direction translational motion
is controlled by varying the thrust force. To map the control
inputs to motor commands we employ the inverse of (12) and
the linear proportional relationship between PWM2 signals
and rotor speeds. This simple controller is employed during
regular flight and during the climb phase shown in Fig. 3.

The controller in Fig. 6-(b) is employed during the multi-
flip phase and the descent and re-stabilization phase of
the aerobatic maneuver graphically described in Fig. 3.
Following a gain-scheduling control strategy, the controller
in Fig. 6-(b) turns on as the controller in Fig. 6-(a) turns off
when the quadrotor finishes the climb phase in a pre-defined
amount time, ∆t1, as shown in Fig. 3. From (19), it directly
follows that ∆t1 determines the total climb distance and the
vertical speed of the robot when the multi-flip phase starts.
Once the multi-flip phase ends, during the third phase of
the aerobatic maneuver, the controller in Fig. 6-(b) turns off
and the controller in Fig. 6-(a) turns on for the quadrotor
to operate back in the regular flight mode. Normally, the
more oscillation the angular velocity has after a multi-flip
maneuver, the longer it is necessary to wait before switching
back to the regular flight mode.

During multi-flip maneuvers, the robot remains completely
autonomous from the power and control perspectives, as
the control algorithms are run on-board, using information
measured with on-board sensors only. In the scheme of
Fig. 6-(b), the control error signals used in the feedback loops
are defined as[

eω(t)

eα(t)

]
=

[
ω(t)− ωd(t)af

{Fω} (t)− ω̇d(t)af

]
, (23)

where af is the generalized axis unit vector, ω is the angular
velocity measured using the MEMS gyroscope, ωd is the
planned generalized multi-flip speed described in Section IV-
B, and F is a filter with the form λs (s+ λ)

−1, with 0 <
λ ∈ R. The signal eω can be thought of as the angular
velocity error and eα as the angular acceleration error. Then,
consistently with Fig. 6-(b), we define

[τ1 τ2 τ3]
T

= −Kωeω −Kαeα, (24)

where {τ1, τ2, τ3} are the components of τ in (2), and Kω ,
Kα are positive diagonal gain matrices. It is important to note
that during a multi-flip maneuver, the total thrust force in (1),
f , is set to half of the maximum thrust force in order to avoid
motor saturation. Similarly to the case in Fig. 6-(a), after
computing τ and f , the on-board control algorithms compute
the inverse of the mapping in (12) to obtain the angular
speed of each motor. Since the rotor speed is approximately
proportional to the voltage command to the rotors’ motors,
the command PWM values are easily computable.

In the scheme of Fig. 6-(b), we employ the angular
acceleration feedback loop to decrease the oscillation of

1Single-Input–Single-Output.
2Pulse-Width-Modulation.

(a) Controller for Regular Flight.

(b) Controller for Multi-Flip Aerobatic Fight.

Fig. 6: Real-time gain-scheduling-based control structure implemented on-
board. (a) Block diagram of the PID controller used during regular flight
and the climb phase. The external inputs are the desired Euler angles
{φdes, θdes, ψdes} and desired altitude. The control signals are computed
employing the feedback from the attitude estimator, gyroscope and barome-
ter. The control signals are converted to motor PWM commands through the
inverse of the mapping in (12). The matrix operator P combines the outputs
from the PI-block and Gyro-block to generate the PID control torque signal
[τ1 τ2 τ3]T . (b) Block diagram of the controller used during the multi-flip
and re-stabilization phases, defined in Fig. 3. The flipping speed reference
ωd is constructed off-line as described in Section IV-B and illustrated in
Fig. 5. The feedback control loops employ both the measured body angular
velocity and an estimate of its derivative, computed using real-time data
from the MEMS gyroscope. The roles of the operators F , af, Kω and Kα
are described by (23) and (24).

the angular flipping speed caused by latency in the rotor
dynamics. As shown in Fig. 2, the step-response settling
time for an individual rotor is between 0.4 s and 1.0 s,
which is large compared to the approximately 1.0-s duration
of a multi-flip maneuver. It is reasonable to assume that
the latency observed in the ground experiments also appears
during flight. We believe that the angular acceleration control
loop is the key element in the proposed control strategy
that enables the quadrotor to perform consecutive triple-flip
aerobatic maneuvers autonomously, given that battery power
will last.

For practical implementation purposes, during flight, the
flipping speed reference, ωd(t), is varied using the current
measured generalized multi-flip angle, according to the law

ωd =


ωd,1 if φg ≤ Φg,1

ωd,2 if Φg,1 < φg ≤
∑2
i Φg,i

ωd,3 if
∑2
i Φg,i < φg ≤

∑3
i Φg,i

, (25)

where ωd,1(t), ωd,2(t) and ωd,3 are the same functions al-
ready defined in Section IV-B, φg is the measured generalized
flipping angle defined in (15) and Φg,1, Φg,2 and Φg,3 are
the same functions already defined in Section IV-B. If the
actual generalized flipping angle does not reach Φg,1 at the
end of the first stage of the multi-flip phase of the aerobatic
maneuver, then the flipping speed reference is set to ωmax.
Similarly, if the generalized flipping angle φg reaches the
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TABLE II: Parameters of the Flipping Velocity Reference and Control Gains
Used in the Real-Time Experiments.

Φg,1

(◦)

Φg,2

(◦)

Φg,3

(◦)

ωmax

(◦/s)
kω

×103

kα

×105

Single Flip (b1) 180 0 180 1400 2 3

Double Flip (b1) 200 300 220 1600 2 3

Triple Flip (b1) 220 520 340 1900 2 3

Single Flip (45◦) 180 0 180 1400 2 6

Double Flip (45◦) 200 300 220 1600 2 6

Triple Flip (45◦) 220 520 340 2500 2 6

target angle before the flipping speed reference becomes zero
at the third stage of the process in Fig. 5, then the flipping
speed is set to zero immediately.

V. EXPERIMENTAL RESULTS

Experiments are conducted for two cases. The first one
is flipping around the body-frame b1 axis and the second
one is flipping around a generalized axis that lies on the
body-frame b1-b2-plane and deviates from the b1 axis by
45◦. All single, double and triple flips are tested under both
flipping axes and are set to be af = [1 0 0]

T and af =

[1/
√

2 1/
√

2 0]
T for the first and second case, respectively.

The on-board controller frequency is 500 Hz, and during
all the phases described in Section II the robot remains
completely autonomous by employing on-board sensors and
computational capabilities only. The joystick illustrated in
Fig. 4 is manually actuated to compensate for drift on the
b1-b2-plane after all three flipping phases are completed.
Table II gives the parameters of the planned generalized
speed reference and control gains employed during the multi-
flip maneuvers about both the principal and non-principal
axes. Additionally, kω and kα refer to the diagonal elements
in the diagonal control gain matrices Kω and Kα in (24).
Notice that the maximum generalized flipping speed can
reach up to 2.5 · 103 deg · s−1 about the non-principal axis.
This allows the quadrotor to complete a multi-flip maneuver
quicker than when flipping about a principal axis.

Figs. 7-(a), 7-(b) and 7-(c) illustrate single-, double-
and triple-flip maneuvers around the body-fixed b1 axis
by showing the plot of the measured angular velocity of
the body-frame b1 axis, the flipping speed reference and
the corresponding Euler roll-angle. In this case, the signals
Gyro.b1 is the angular velocity about the body-frame b1
axis. Similarly, Figs. 7-(d), 7-(e) and 7-(f) illustrate single-,
double- and triple-flip maneuvers around the generalized axis
af = [1/

√
2 1/

√
2 0]

T . The signals Gyro.b1 and Gyro.b2
are the angular velocities about the body-frame b1 and b2
axes. Clearly, the angular flipping-speed references about
the body-frame b1 and b2 axes are 1/

√
2 as large as the

generalized flipping speed reference.
The amount of oscillation in the quadrotor’s angular

velocity at the end of the multi-flip phase of an aerobatic
maneuver can be used by the control algorithms to determine
if the quadrotor can be re-stabilized successfully before
hitting the ground. The angular acceleration feedback control
loop significantly reduces the overshoot in the flipping speed
signal that appears at the end of an aerobatic maneuver
and ensures that the actual flipping speed closely trails the
reference speed despite the rotor’s rather long settling time,
as shown in Fig. 2.

Fig. 8-(a) presents three consecutive successful triple-
flip maneuvers around the body b1 axis, demonstrating the
robustness of the proposed gain-scheduling-based control

(a) Single Flip (b1). (d) Single Flip (45◦).

(b) Double Flip (b1). (e) Double Flip (45◦).

(c) Triple Flip (b1). (f) Triple Flip (45◦).

Fig. 7: (a)(b)(c) Single, double and triple flips about the body-fixed b1 axis.
The red line is the measured generalized flipping angle, equal to the Euler
roll-angle in this case. The green line is the flipping speed reference and the
blue line is the measured angular velocity about the body b1 axis. (d)(e)(f)
Single, double, and triple flips about the generalized axis that lies in the
body-frame b1-b2-plane and deviates 45◦ from the b1 axis. In this case,
since af = [1/

√
2 1/
√

2 0], the speed reference for the angular velocities
about b1 and b2 is 1/

√
2 as large as the generalized flipping speed reference.

Gyro.b1 and Gyro.b2 are the measured angular speeds about b1 and b2,
respectively.

(a) Three Triple Flips. (b) Euler Angles of a Triple Flip.

Fig. 8: (a) This plot illustrates a process of three consecutive triple-flip
maneuvers about the b1 axis. The Euler roll-angle is shown in red, the
flipping speed reference is shown in green and the angular velocity about b1
is shown in blue. The noticeable oscillations of the angular velocity between
aerobatic maneuvers are due to the manual compensation of horizontal drift.
(b) Euler angles measured during the second triple-flip maneuver in Fig. 8-
(a). The Euler roll-angle, pitch-angle and yaw-angle are shown in blue, red
and green, respectively. During the triple-flip maneuver, the instantaneous
pitch-angle maximum drift is 30◦. For the other two triple-flip maneuvers,
the instantaneous maximum drift angle is less than 10◦.

method in Fig. 6. Attempting subsequent consecutive triple-
flip maneuvers is hindered by the combination of low
power density of the quadrotor’s battery and high power
consumption rate during flip maneuvers. Fig. 8-(b) shows the
measured Euler angles associated with a triple-flip aerobatic
maneuver.
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(a) Single flip (b1). (b) Double flip (b1). (c) Triple flip (b1).

(d) Single flip (45◦). (e) Double flip (45◦). (f) Triple flip (45◦).

Fig. 9: Single-flip, double-flip and triple-flip maneuvers about the body-
fixed axis b1 and a 45◦ generalized flipping axis. In these six figures, the
multi-flip maneuver stars from the left bottom hand-side and ends at the
right bottom hand-side.

Fig. 9 presents the time-lapse plots of six multi-flip
experiments. Due to the low thrust-to-weight ratio and aero-
dynamic disturbances, it can be observed that the descent
distance for a triple-flip maneuver is much longer than those
associated with single- and double-flip maneuvers. These
time-lapse images are selected from videos taken using a
high-speed camera at 240 frames per second (fps). The
complete sequence of experiments can be seen in this paper’s
accompanying video (also available in [22]).

Since we choose to neglect gyroscopic effects and aero-
dynamic disturbances when modeling the system, it is not
surprising that we have observed attitude deviations from the
trajectory references during multi-flip maneuver experiments.
For instance, in some occasions when performing a triple-
flip experiment, the maximum instantaneous pitch-angle and
yaw-angle errors can be as much as 30◦, as can be seen in
Fig. 8-(b). Therefore, further study of the gyroscopic effects
and aerodynamic disturbances is required to minimize the
attitude error. As mentioned earlier, limited power density
of the quadrotor’s battery together with limited motor’s
performance can lead to unpredictable reduction in high-
speed maneuver control effectiveness.

VI. CONCLUSIONS AND FUTURE WORK

We proposed and experimentally demonstrated the suit-
ability of a simple and robust gain-scheduling-based real-
time control strategy for the generation and real-time im-
plementation of high-speed multi-flip aerobatics maneuvers
on a fully autonomous 19-gram quadrotor with low thrust-
to-weight ratio, operating in the presence of aerodynamic
disturbances. To implement the proposed real-time control

scheme, we introduced a new speed planning method and
the notions of generalized flipping axis and generalized
flipping angle. All the experimental results presented here
were obtained with the use of algorithms running entirely
on-board. The most important experimental result obtained
in the course of this research is the successful planning and
performance of a control three-flip aerobatic maneuver.
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